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Abstract. We define a smooth functional calculus for a non- 
commuting tuple of (unbounded) operators Aj on a Banach space 
with real spectra and resolvents with temperate growth, by means 
of an iterated Cauchy formula. The construction is also extended 
to tuples of more general operators allowing smooth functional 
calculii. We also discuss the relation to the case with commuting 
operators. 



1. Introduction 

There are many different approaches to functional calculus for one 
or several operators acting on a Banach space, a common idea being 
that in order to define f{P) where P is some operator and / a function 
of some suitable class, we represent /(x) as a superposition of sim- 
pler functions c<Jq,(x), for which u!a{P) can be defined and then define 
f{P) as the corresponding superposition of the operators uJa{P)- For 
instance, if P is a self-adjoint operator on a Hilbert space, we have 

(1-1) f{P) = ^J me^'^'dt, 

corresponding to the representation of / as a superposition of expo- 
nential functions via Fourier's inversion formula. (Here / denotes the 
standard Fourier transform of /. This approach has been developed by 
M. Taylor and others.) Another example is when P is a bounded 
operator and / is holomorphic in a neighborhood of the spectrum, 
(t(P), of p. Then 

(1-2) fiP) = 7^ [ f{z){z-P)-Mz 

where 7 is closed contour around o"(P). 

For problems of spectral asymptotics and scattering for partial differ- 
ential operators, the representation (jLip often has led to the sharpest 
known results (see Hormander ^3], Ivrii f3]), but the price to pay 
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is that one has to get a good understanding of the associated unitary 
group for instance via the theory of Fourier integral operators or via 
propagation estimates. Often a formula like ()1.2|) is easier and more 
practical to use. (See for instance Agmon-Kannai PP, Seeley jlHI-) The 
advantage is that the resolvent {z — P)~^ can be treated with simple 
means (like the theory of pseudodifferential operators). 

If P is bounded, f{z) is defined with its derivatives on the spectrum 
of P and has an extension / to a neighborhood of the spectrum such 
that df vanishes to infinite order on o"(P), and if the resolvent only 
blows up polynomially when z tends to the spectrum, then Dynkin ^1] 
used the Cauchy-Green formula 

fiw) = j{z- w)'^chJ{z)L{dz), L{dz) = d(Rez)dilmz), 

to define 

(1.3) f{P) = /(^ - P)-'d,f{z)L{dz), 

and he studied the corresponding functional calculus (also with other 
classes of functions / allowing for wilder resolvent behaviour). This 
work has been very influencial (see below). 

Unknowingly of [TT], Helffer and the second author ^3] used ()1.3|) 
as a practical device in the study of magnetic Schrodinger operators 
in the framework of unbounded non-selfadjoint operators P; / is then 
the standard almost holomorphic extension of / G C^(]R). (We refrain 
from reviewing here the history of almost holomorphic extensions with 
roots in the work of Hormander, Nirenberg, Dynkin and others.) It was 
soon realized that p.3p is of great practical usefulness for many prob- 
lems in spectral and scattering theory and in mathematical physics, 
because it is simple to manipulate without requiring holomorphy of 
the test-functions /. For instance, if P is an elliptic differential oper- 
ator and / belongs to a suitable class of functions, it is very easy to 
show that f{P) is a pseudodifferential operator ([IB], [Oj), and other 
applications were obtained in cases where / does not necessarily have 
compact support (E.B. Davies [HI, A. Jensen, S. Nakamura [IE])- An- 
other application of ()1.3j) is in the area of trace formulae and effective 
Hamiltonians: For a given operator P : Ti ^ Ti, one sometimes in- 
troduces an auxiliary (so called Grushin-, or in more special situations 
Feschbach-) problem: 

(1.4) (P - z)u + R^u^ = V, R+v = v+. 

Here the auxiliary operators P+ : H ^ C+, P„ : C_ ^ 7i should be 
chosen in such a way that the problem ()1.4|1 has a unique solution 

H 3 u = Ev + P+f+, C_ 9 M_ = P„f + E_+v+. 



FUNCTIONAL CALCULUS FOR NON-COMMUTING OPERATORS ... 3 

for all f G 7Y, f+ G C+. Then it is well-known that the operator E ^ 

inherits many of the properties of P, and typically one looks for spaces 

C± which are "smaller" in some sense, so that the study of E ^. may 

be easier than that of P. For trace formulae one can show under quite 
general assumptions that 

(1.5) tr/(P) = trl J ^{z){E.^)-'^{z)L{dz). 

which is very useful for instance when the spaces C± are of finite (and 
here equal) dimensions. 

The approach of Dynkin JT] has had a great influence on many 
later works devoted to general problems of functional calculus. In 
pn] J. Taylor introduced a notion of joint spectrum cr[P) C C" for 
several commuting bounded operators Pi, ... , Pm on a Banach space, 
defined in terms of the mapping properties of the operators. This spec- 
trum is in general strictly smaller than the joint spectrum one ob- 
tains by regarding Pj as elements in some Banach subalgebra of L(-B). 
In [21j he then constructed a general holomorphic functional calculus 
0((t(P)) —>■ L(P) and proved basic functorial properties. In simple 
cases, for instance if the function / is entire, one can use a simple 
multiple Cauchy formula to represent /(P), but the general case is 
intricate, and Taylor's first construction was based on quite abstract 
Cauchy- Weil formulas; later on in [22] he made the whole construction 
with cohomological methods. In ^ was given a construction based on 
a multivariable notion of resolvent Uz-p which permits a representa- 
tion of the calculus analogous to formula ()1.2|) . In special cases, for 
instance when the spectrum is real, such a representation was known 
earlier, and was used by Droste ^U], following Dynkin's approach p.3p . 
to obtain a smooth functional calculus in the multivariable case for op- 
erators with real spectra. This approach is extended to more general 
spectra in [T8] . 

Various versions of functional calculus have been used in the study 
of the joint spectrum of several commuting selfadjoint operators ([Zj, 
[HI EI), and for nonself adjoint operators with real spectra in ^j. 

The case of non-commuting operators is more difficult and more 
challenging. The monograph of Nazaikinski, Shatalov and Sternin J7j 
gives a nice treatment of such a theory and contains references to many 
earlier works of V.P. Maslov and others. The authors build the the- 
ory on the approximation of functions of several variables by linear 
combinations of tensor products. If f{xi,X2,.--,Xm) = YIT fji^j) 
such a tensor product and Pj are operators on the same Banach space, 
that do not necessarily commute, it is natural to define /(Pi,...,Pm) 
as /i(Pi) o ... o fm{Pm), and then approximate a general /(xi, ...,Xm) 
by linear combinations of tensor products, and define /(Pi, ...,Pm) as 
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the corresponding limit in the space of operators. A prototype for 
non-commutative functional calculus is given by the theory of pseudo- 
differential operators, with xi,X2, ■■■,Xn, D^^, D^^ as the basic set of 
non-commuting operators. 

Most approaches to the theory of pseudodifferential operators use 
direct methods rather than approximation by tensor products. In this 
paper we shall suggest a direct approach to smooth non-commutative 
functional calculus, based on a multivariable version of p.Hj) . (An- 
other possibility, that will not be explored here is to extend p.ll) to the 
multivariable case. Then, under suitable extra assumptions, one could 
also consider the Weyl quantization 



with t-P = ^tjPj.) When Pi, . . . , Pm are pseudodifferential operators 
with real principal symbols and / belongs to a suitable symbol class, it 
will be quite obvious from our formula that /(Pi, . . . , Pm) is also a pseu- 
dodifferential operator, by extending the arguments from ^3], [Oj- We 
hope that the multivariable formula ()3.3p will be a useful complement 
to existing multivariable functional calculii. It might provide a more 
direct alternative to some parts of the theory of in [17^. The purpose 
of the present paper is merely to establish some basis for this approach 
and to connect it to the one of J. Taylor and others ([201 EH EJ El IHj) 
in the commutative case. 

The plan of the paper is the following: 

In Section El we introduce some special almost holomorphic exten- 
sions of smooth functions on the real domain. 

In Section El we introduce the calculus using the formula ()3.3p . and 
in Section |31 we establish some additional properties. Thus we get a 
C^-calculus of several unbounded and non-commuting operators whose 
spectra are real and which have locally temperate growth of the resol- 
vent near the real axis. 

In Section El we relate our approach to a naive iterative approach, 
which amounts to treat the calculus as an operator valued distribution 
equal to a tensor product of 1-dimensional operator-valued distribu- 
tions. 

In Section El we review the Cayley transform and more general 
Mobius transforms of operators, as a tool to reduce many questions 
about unbounded operators to the bounded case. 

In Section El we consider the commutative case and relate the theory 
to the Taylor approach. In particular we show that the (joint) Taylor 
spectrum and the support of our operator-valued distribution agree. 

In Section El we discuss what happens when the operators have non- 
real spectra. In some cases there is a direct extension using formulae 
like ()1.3p and ()3.3|) . but there are also cases where such a functional 
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calculus can be given differently already in the case of one operator (like 
for instance if we have a normal operator on a Hilbert space). The 
conclusion is that in all cases, one can get a multi-operator calculus 
by iterating suitable one- dimensional formulae, in a way that is well 
adapted to the spectrum of each of the individual operators. 

In Section ini we give some simple examples, and show in particular 
that the support (unlike the joint spectrum in the commutative case) 
is highly unstable under small perturbations. 

In Section [ini we extend the calculus to the case of test-functions / 
that do not necessarily have compact support. This is of importance in 
applications to differential operators and spectral theory (see [THl 15]). 
For simplicity, in this and the two remaining sections, only the case of 
a single operator is considered, with the hope that the extension to the 
multi-operator case should be straight forward along the lines of the 
previous sections. 

In Section ^2 we show how to recover a generating operator from a 
given homomorphism from test-functions into the bounded operators 
on some Banach space. In the case of real spectrum it is important 
to have test-functions with a non-trivial behaviour near infinity, and 
we give an example of a homomorphism defined on the Schwartz-space 
(S(M) which is not generated by any operator. 

In Section El we establish the basic composition result f{g{P)) = 
{f o g)[P) within the framework of the extended calculus of Section fTTH 



2. Special almost holomorphic extensions 

Lemma 2.1. Let f G C^iR""). Then there is a f e C^iC"^) with 
support in an arbitrarily small neighborhood of supp / such that 

(2.1) 9,-^/ = 0(|Im;2,r), l<3<n. 
Proof. As a first attempt we take 

(2.2) /» = J^j e^^-«(nx((a)Im^.))/(Orfe, 
where / G 5(R'") is the Fourier transform of /, 

m 
k=l 

and X £ — 1, 1[) is equal to 1 in a neighborhood of 0. Notice that 
the exponential factor is bounded on the support of the integrand so 
/ e C°°(C'"), and by modifying the choice of x we may assume that / 
has its support in an arbitrarily small tubular neighborhood of MJ^. 
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We have 

d.JXz) = 

m 

n X((6)lm^.))(0)^x'((0)lm^,)/m- 

k=l,k^j 

On the support of the integrand we have {^j) ~ l/|Im2;j| and using the 
rapid decay of / we get ()2.ip . Clearly f\]^m = f. Notice that the map 
/ H- *■ / is linear, and at least formally it is the tensor product of the 
1-dimensional extension maps 

(2.3) C^(R)3g^g{z) = l. J e^-«x((Olmz)^(e)c?e, 

cf., Section El below. It is easy to see that (for any almost holomorphic 
extension g) 

(2.4) g{z) = 0{\lmz\^) 

locally uniformly when Kez ^ supp g. In fact, if g{x) has the Taylor ex- 
pansion ai,{x — Xoy at some point Xq, then any almost holomorphic 
extension must have the expansion '^^.a^iz — xoY at this point. 

Let / have support in /i x ■ ■ ■ x /„, where Ij are bounded intervals. 
If Jj CC M are open intervals with Ij CC Jj, let ipj G C^{Jj) be equal 
to 1 near Ij and consider 

m 

(2.5) f{x) = l[ij,{Rez,)f{z). 

1 

For Re Zj e supp ip^ we have f{x) = 0(|lm Zj\°°), so d^^f = 0(|lm Zj\°°). 

In the general case we first decompose / by a partition of unity into 
a finite sum of new functions f^, where each has support in a small 
box Jj;' X • ■ ■ X Then we get f with support arbitrarily close to 
JJ' X ■ ■ ■ X J^, and if we sum the extensions f we get an extension of 
/ with support in an arbitrarily small neighborhood of supp /. □ 

Notice that ()2.H1 is stronger than the usual requirement for almost 
holomorphic extensions: 

(2.6) df = 0{\lmz\°^). 

Also recall that if /, / G C^(C™') are almost holomorphic extensions 
of the same / G C^iR""), then 

(2.7) f-f = 0{\lmzry, 
this is just a special case of ()2.4|) above. 
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3. The calculus 

Let Pi, ... , Pm- B ^ B he densely defined closed operators on the 
complex Banach space B. We assume that each Pj has real spectrum, 

(3.1) a{Pj) C M, 

and that the resolvents have temperate growth locally near R: 

(3.2) For every CC C there are Ckj, N^j > such that 

\\{z-Pjy^\\ < Cx,i|Im;z|-^^•^ zeK\R. 

Definition 1. For / e C;^(M™) we put 

(3.3) /(Pi,...,P^) = 

(-^)'"/ j{d,,---dU){z-Pl)-'---{Zra-Pnr'L{dz^)---L{dz^), 

where / is a special almost holomorphic extension as in Lemma 12.11 
and L{dzj) is the Lebesgue measure on C ~ M^. 

We first check that the right hand side of ()3.3|1 is a bounded operator 
on B which depends on / but not on the choice of special extension 
/. The estimates ()2.1|) remain valid after differentiation so we have for 
every j that 

and taking geometrical means we get 

(3.4) d,, ■ --dU = 0(|lmzir ■ ■ ■ llmZmD. 

Using this in ()3.3|) we see that the integral converges in the space of 
bounded operators, and for every K CC there exist constants 
Ck,Nk>^ such that 

(3.5) l|/(/)ll <C^A' sup|9"/| 

\a\<NK 

for every / G C^{EJ^) with supp/ C where /(/) is the right hand 
side of fnO|l . 

Let / be another special extension of / G C^{W^). Then 

/(/) - /(/) = 

lim(-^)™ j ... j {d,^... d,M - f)izu z^)) X 

m m 

( - X(lm^,/e))) (zi - Pi)-' ■■■{zm- Pm)-' n ^(^^^■)' 
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where x ^ C'^(]R) is equal to 1 near the origin. Integration by parts 
gives 

/(/) - /(/) = 

lim(^ry" ••■ y"(/-/)(zi,...,U(n(x'(ImV^))) 



e 
1 

In view of fl3.2j) and ()2.7|1 . this limit is and hence the definition 
is independent of the choice of /. 
It follows from ()3.5j) that 

(3.6) <C,^ sup|5"/| 

\a\<NK ^ 

for every / G C^(W^) with supp/ C K, which means that 

C^^f^fiPu...,P„^)e^B) 

is an operator- valued distribution on M™. Let supp (Pi, . . . , Pm) de- 
note its support; clearly /(Pi, . . . , Pm) is welldefined for any smooth / 
defined in some neighborhood of supp (Pi, . . . , Pm) and vanishing in a 
neighborhood of infinity. 

Next we review Feynman notation: 

Notation If /, Pj are as above and vr : {1, . . . , m} — > {1, . . . , m} is a 
permutation, we put 

7r(l) 7r(ni) 

(3.7) /(Pi,...,P^) = 

= ( - / ■ /("^Si ■ ■ ■ dz^f){Zi, . . .,Zm){z^-i^m) -^^-l(m))"^ 



{Z-K-i{m-l) — -P7r-l(m-l)) ^ " " " {Z-K-i{l) — P^-i(l)) ^ JJ^ L{d. 



Zi . 



In simpler words, this is the same as ()3.3p except that we rearrange the 
order of the resolvents, so that we have 

(zi -P, )-Hz, , - P , ) . . iz., -P,X\ 

with 7r(ji) = l,0(j2) = 2, . . .. 

Example 1 (Some examples). 

/(Pi,A,A) = (--)' / / [{d,AAs)fizu^2,z,) 



(;2l - Pl)-^(^3 - P3)-\Z2 - P2)-'L{dZi)L{dZ2)L{dZs) 
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When no indices are suspended we use the usual ordering of operators 
as in compositions, so for the operator ()3.3|) we have 

in 1 
/(Pl,...,Pj = /(Pl,...,P^). 

This notation can also be extended to more complicated expressions. 
If A e L(;B), we can define 

3 1 2 
/(Pl,P2) A = 

i'l)' j j id,A2)h^i,^2){z, - Pi)-'A{Z2 - P2)-'L{dz,)L{dz2). 

3 1 

Notice that this is not an ordinary composition of /(Pi,P2) and A, 
while for instance 

/(A, A) l=Ao/(A,A) 

and 

/(A, A) A=/(A,A)oA 

□ 

4. Some further properties 

Proposition 4.1. Let f e C^{R''), g G C^(M^), m = k + i, and 
Pi, ... , Pm as above. Then 

(4.1) /(Pi, . . . , Pfc) o g{P,^,, . . . , P„) = (/ g){P,, P2, . . . , PJ, 

where {f g){xi, . . . , Xm) = f{xi,...,Xk)g{xk+i,...,Xm)- 

Proof. It follows directly from the definition since we can take (/(S>5')~ = 
/ ® ^ as the special almost holomorphic extension oi f ® g. □ 

Proposition 4.2. Let f G C^(R™) and Pi,...,P,n as above. If 
Pfc+i = Pfc for some k E {I, . . . , k — 1} , then 

(4.2) /(Pi, ■ ■ ■ ,Pk, Pk+i, ■ ■ ■ , Pm) = f^''\Pi, ■ ■ ■ ,Pk, Pk+2, • • • , Pm), 

where /(^^ G C;j"(M'""^) zs given by /(^)(xi, . . . , x^, x^+s, . . . , x^) = 
f{xi, . . . ,Xk,Xk,Xk+2, ■ ■ ■ ,Xm), (i.e., by restricting f to the subspace 

Xk+l = Xk). 
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Proof. For simplicity we only consider the case m = 2, A; = 1, so that 
Pi = P2 =. P . Then, using the resolvent identity, 

f{P,P) = l- [ [ {d,^d-J){zi,Z2){zi-P)-\z2-P)-'L{dzi)L{dz2) = 



vr 




{d,,d,J){zu Z2){z2 - zir\zi - P)-'L{dzi)L{dz2) + 



A / I {d,,d-J){zi,Z2){zi- Z2)-\z2- P)-^L{dzi)L{dz2) 




-I j {d-J){zi,Zi){zi-P)-^L{dz{)-^ j{d-J){z2,Z2){z2-P)-^L{dz2) 

= -\j d,{j{z,z)){z-P)-'L{dz), 

which gives the result since f{z,z) is an almost holomorphic extension 
of f{x, x). □ 

5. Definition by iteration 

It is possible to construct our functional calculus from the single oper- 
ator case by iteration. To see this we first extend our previous construc- 
tion to vector- valued functions. If / G C^(W^, B) we can find a special 
almost holomorphic extension and define / (Pi, . . . , Pm) in the same way 
as before, just being careful to put the factor ■ ■ ■ dz^f on the right 
hand side of all the resolvents in formula ()3.3|) . Again this definition is 
independent of the particular choice of extension, and the estimate ()3.6|) 
holds. Notice that /(Pi, . . . , Pm) = if supp (/) fl supp (Pi, . . . , Pm) = 
0, also when / is vectorvalued (where supp (Pi, . . . , P^) is the sup- 
port of our operator-valued distribution defined initially on scalar- 
valued testfunctions). For instance, if is scalarvalued, u E B, and 

f{Xi, Xm) = 4>{Xl, • • • , Xm)u, then /(Pi, . . . , Pm) = 0(Pl, • • • , Pm)u. 

Moreover, if /(xi, . . . , Xk, Xk+i, ■ ■ ■ , Xm) is S-valued, and 
g{xi, ...,Xk) = f{xi, . . . 

; Pfc+1; • • • ; Pm) 

is defined as before, for each fixed (xi, . . . , Xk), then g{xi, . . . , Xk) is a 
function in C^{R^,B) and 

fiPi,...,Pm)=g{Pi,...,Pk). 

3 12 

Example 2. One can define, e.g., /(Pi,P2) A, cf., Example[T[ as g{Pi), 
where 

g{xi) = Aof{xi,P2). 

□ 

Remark 1. Since we use explicit integral formulas the necessary veri- 
fications for the statements above are easily made directly. However 
one can also obtain the multi-operator calculus in a more abstract way. 
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Spaces like C^(R^) are nuclear, and therefore they behave well under 
topological tensor products. Since 

C^iW, B) = Co°°(M)® ■ ■ ■ ®Co=^(M)®i3 

it is therefore enough to define the functional calculus on decomposable 
elements (pi{xi) ® • • ■ ® 4'm{xm) ® for u E B, which is done by the 
single operator calculus. □ 

As an application we can prove 

Proposition 5.1. If Pi, ... , Pm are as above, then 

SUpp (Pi ... , Pm) C SUpp (Pi, . . . , Pfe) X SUpp (Pfe+l, . . . , Pm). 

Proof. Let P = Pi, . . . , P^ and Q = Pk+i, ■ ■ ■ , Pm, and similarily 
(xi, . . . ,Xm) = If ^(•'^- has support outside supp (P) xsupp (Q), 

then ^ I— >• 4>{x, ^) vanishes near supp {Q) if x belongs to (a neighbor- 
hood of) supp(P). Thus x I— > (f){x,Q) vanishes in a neighborhood of 
supp (P) and hence 0(P, Q) — 0. □ 

Example 3. For one single operator P, the support coincides with the 
spectrum o"(P), i.e., the complement of the resolvent set. In fact, sup- 
pose that / G C|^(M) has support in the resolvent set. Then we may 
assume that / has support in the resolvent set as well. However, here 
the resolvent {z — P)~^ is holomorphic, and thus 

~ J d-J{z){z - P)-'L{dz) d,{f{z){z - P)-')L{dz) = 

by Stokes' theorem. Thus supp (P) C c(P). Conversely, if Q. is an 
open set in the complement of the support, then the operator- valued 
function c{z) = (z — P)~^ has a holomorphic extension across M in Vt. 
In fact, if P e C^{Vl) is an almost holomorphic extension of a function 
/ in C^{Vl n M), then it is easy to see that 



~ j c{C)d^F{0^ ^ c{z)F{z) 



for each z e Q \ M. For any given point x° in Q n IR we can choose 
F which is identically one in a neighborhood, and then the integral 
provides the holomorphic extension at One can conclude that fl is 
contained in the resolvent set of P. Thus supp (P) = cr(P). □ 

6. The Cayley transform 

In this section we shall consider closed operators on a complex Ba- 
nach space B that are not necessarily densely defined. For such oper- 
ators P one defines the spectrum as usual (namely as the complement 
in C of the set of z for which z — P : T>[P) — >■ B has a bounded inverse, 
where I^(P) is the domain, equipped with the graph- norm + ||Pm||) 
and the spectrum a{P) becomes a closed subset of the complex plane. 
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The point spectrum (Tp{P) C (t{P) is the set of 2; G C such that z — P 
is not injective. In this section we only consider operators whose spec- 
trum is not equal to the whole complex plane. 

For any closed operator P on i3, we define its extended spectrum 
cr(P) as (j{P) if P is bounded and as o"(P) U {00} if P is not bounded. 
Then a(P) is a compact subset of the extended plane C = C U {00}. 
If ip is an automorphism of C, a Mobius mapping, such that '^"^(oo) 
is outside the point spectrum of P, then ■?/^(P) is a welldefined closed 
operator with extended spectrum ^(a(P)), and it is bounded, if and 
only if this set is bounded, i.e., if and only if %l)~^{oo) is outside S'(P). 
Moreover, il){P) is densely defined if and only if the range of P — 
ifj'^^oo) is dense (excluding the trivial case when maps 00 to itself, 
in which case P and '4>{P) have identical domains). More precisely, 
T>(il)(P)) — TZ{P — ijj~^{oo)), where V and TZ indicate the domain and 
the range respectively. A simple way of checking these facts is to use 
that if ip{z) = (mi, 12; + mi, 2)7(^2, i-z + 1712,2), with det M 7^ 0, M = 
{^i,fc}i<i,fc<2, then the graph of ip{P) is equal to M(graph (P)), where 
M acts on B X B in the natural way and graph (P) = {{Pu,u); u e 
V{P)}. 

In this way, any closed operator P such that a(P) C can be 
transformed to a bounded operator. If a(P) C M, one can use the 
automorphism 

C{z) = 

z — I 

which maps R bijectively to the unit circle T and has the inverse 

z — C iw) ~ I -. 

w — 1 

Thus C induces a 1-1 correspondence between closed operators A with 
real spectra and bounded operators B with a{B) C T, such that P — 1 
is injective. 

We also have the identity 

\wr -1 = 4- 



I -19 ' 

\z — ir 



which implies that |Imz| ~ (i(w,T), for z close to R (i.e. w close to 
T) with explicitly controled non-uniformity when 2; — > 00 (ly ^ 1) . 
Furthermore, with A, B as above, we have 

,„ , dw A — i dz 

(6.1) 



w 



B z-i z-A' 



which implies that {w — B) has temperate growth locally near T, 
T \ {1} if and only if [z — A)~^ has temperate growth locally near 
If this holds, we can define a functional calculus 

Co°°(To)^£(B), 0^0(5), 
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as before, by the formula 

L{dw) 



<P{B) = — / d^<P{w 



IT 



where is an almost holomorphic extension of with compact support. 

Clearly, G C^ijo) if and only if o C e C^(M), and as one would 
expect, 

(6.2) (0oC)(A) = 0(i?). 

To see this, just notice that, by, 1)6.11) 

(j){B) = — / ^0(w)^-^ = — / d^(l)iw) A 



w — B 2711 J w — B 

1 /"^/T ^N/N ^ — « dz 1 f ^ ,~ , .A — i Lidz) 
I d,{<j)oC){z) A r T = d^{<j)oC){z) ^ ^ 



27ii J z — i z — A 71 J z — i z — A' 

and the last integral is equal to o C{A) by Stokes' theorem, since 

A-i^ 1 1 



is holomorphic. 



z — i z — A z — i 



7. Commuting operators 



In this section we shall see what happens if we impose the extra 
condition that Pi, . . . , commute, but let us first recall the basic 
elements of Taylor's theory for commuting operators, [20j and pT] . 
If Ai, . . . , Am is a tuple of commuting bounded operators on B, then 
there is a compact set cr(A) = cr{Ai, . . . ,Am) in called the joint 
(Taylor) spectrum. If A^ is a sequence of commuting tuples, all of 
which commute mutually, such that A^ A in operator norm, then 
a{A^) <^{A) in the Hausdorff sense (this is not true in general if 
they do not commute!). For each function / which is holomorphic in a 
neighborhood of cr{A) one can define f{A), depending continuously on 
/, such that it coincides with the obvious definition if / is a polynomial 
or entire function, and such that {fg){A) = f{A)g{A). Moreover, if / = 
and f{A) = /i(A), . . . , /„(A), then the spectral mapping 
property holds, i.e., a{f{A)) = fia{A)). 

Let us now suppose that the spectrum of each Ak is real. By the 
spectral mapping property this holds if and only if the joint spectrum 
ct{A) is contained in M™. Moreover, w G C" is outside the spectrum if 
and only if there are Cj in {A), the closed subalgebra of L(i3) generated 
by Ai, . . . , Am, such that 



J]Q(A,-t.,) = l. 



The tuple A admits a continuous extension of the real-analytic func- 
tional calculus to a smooth one if and only this holds for each Aj, and 
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this in turn is equivalent to the fact that the resolvent of each Aj has 
temperate growth in the Im -direction; it is also equivalent to that 

||e**-^|| < (t)*^ t e W^, 

for some M > 0, see, e.g., ^4\. If A admits such a smooth functional cal- 
culus that extends the real-analytic functional calculus (induced in the 
natural way by the holomorphic functional calculus), then it is unique 
and the support of the corresponding operator-valued distribution is 
precisely (t{A). Moreover, there is then an operator- valued form Uz-a 
of bidegree {m,m — 1) in \ ct(A), representing the resolvent of A, 
with 

\\uJz-a\\ < Cllm^l*^ 
and the smooth functional calculus can be represented by 

(7.1) f{A) = - j djAu^^A, 

if / is a standard almost holomorphic extension of / G C°°(M"), i.e., 
such that \dj\ = 0(|Im2|°°), see g]. 

As long as are bounded, our functional calculus, constructed by 
means of ()3.3p . is defined for any / G C°°{W^), and we claim that it in 
fact coincides with ()7.H1 . To see this, let us first assume that / is the 
restriction of an entire function F. Then we can take our special almost 
holomorphic extension to be equal to F in a neighborhood of M™, and 
it then follows from the iterated Cauchy formula that ()3.3|1 gives the 
holomorphic functional calculus. Since the entire functions are dense 
in C°°{W^), the claim follows. From the representation ()7.H) it imme- 
diately follows that the support of the functional calculus, supp (A), is 
equal to clA). The same statements hold if M"* is replaced by the real 
torus T"*. 

Let us now go back to our unbounded closed operators with real 
spectra. We say that two such operators Pi,P2 commute if the resol- 
vents [zi — Pi)~^ and {z2 — P2)~^ commute for all zi and Z2 in the 
resolvent sets. This holds if and only if the Cayley transforms C{Pi) 
and C(P2) commute. If Pi and P2 are bounded this just means that 
they commute themselves. Now let Pi, . . . ,Pm be as before, i.e., re- 
solvents with temperate growth, but, in addition, commuting. It is 
convenient to extend our functional calculus to the algebra 

of all smooth functions which are constant in some neighborhood of 
00. 

Observe that if Pj are commuting, then 

(t(1) cr{m) 
f{Pl,...,Pm)=f{Pl,...,Pm) 

for any permutation a. From Propositions 14. II and 14.21 we get 
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Proposition 7.1. Suppose that Pi, ... , Pm are as above and commut- 
ing. Then 

(7.2) /(Pi, ... , Pm)g{Pl. ...,Pm) = ifgm, ...,Pm), 1,9 & A. 

Let C(xi, . . . , Xm) = {C{xi), . . . , C{xm)) be the multiple Cayley trans- 
form, and suppose that Pj are commuting and have real spectra. Then 
each C{Pj) has spectrum contained in T so the joint spectrum of 
C{P) is contained in T™. If all Pj are bounded, then C{z) is holo- 
morphic in a neighborhood of cr{P) and thus a{C{P)) is contained 
in = (T \ {1})™ by the spectral mapping theorem. By another 
application of the same theorem it follows that 

(7.3) a{P) = C~'{a{C{P)) nT^). 

When Pj are unbounded and commuting let us take ()7.3j) as the defi- 
nition of (j{P). 

Proposition 7.2. If Aj are as above (real spectra and temperate resol- 
vents) and in addition commuting, then 

supp {A) = a{A). 

Proof. Let B = C{A). We are to prove that o-{B) fl is equal to the 
support of 

(7.4) C^{T^)^C{B), f^f{B). 

By repeated use of ()6.2|) we have that C (supp (A)) is equal to the 
support of ()7.4|1 . and so the proposition will follow. 

To begin with, we shall extend ()7.4|1 to a multiplicative mapping 

(7.5) QiT"") C{B), 

where Q[T'^) is the class of functions in C°°{T"^) that are real-analytic 
in a neighborhood of T™ \ T^. Let Xo('^) be a smooth function on T 
which is 1 in a neighborhood of a given compact set K G Tq and in 
a neighborhood of 1. One can find an almost holomorphic extension 
Xo to a complex neighborhood of T such that Xo is 1 in a complex 
neighborhood of K, and in a complex neighborhood of 1. Then 

m 

X{w) = 1 - JJxo(wj) 

i=i 

is identically in a complex neighborhood of K"^ and identically 1 in 
a complex neighborhood of T"^ \ T™. After multiplication by a cutoff 
function (which is 1 in a neighborhood of T™), we may assume that x 
has compact support in C"^. Now take / G ^(T™) and let F be the 
holomorphic extension at T™\T(}^, and /o a special almost holomorphic 
extension near TV}. Then 



f = xF + {l-x)fo 



16 



MATS ANDERSSON & JOHANNES SJOSTRAND 



is a special almost holomorphic extension of / which is even holomor- 
phic in a complex neighborhood of \ T^. 

Since we have temperate growth of the resolvents in T™, we can now 
define 

(7.6) /(B) = (-ir/.Jofe....a.„/-^<''"'''' ^''^-^ 



IT J J Wi- Bi Wm- Bm 

It is readily verified as in Section El that the integral is independent 
of the choice of /. Also the multiplicativity follows by means of the 
resolvent identity as in Proposition 14.21 so we get the homomorphism 

m- 

Clearly ()7.5|) extends to a multiplicative mapping from functions 
which are C°° in a neighborhood of the support of ()7.4|) and real ana- 
lytic in a neighborhood of T"* \ T^. In particular; if w G is outside 
this support, then ()7.5|) applies to 



Wj - Xj 



\w — X 



and since (pJ{B){wj — Bj) = I it follows that w ^ cf{,B). Thus 
(y{B) n T'^ is contained in the support of ()7.4|) . 

We claim that ()7.5j) coincides with the holomorphic functional cal- 
culus when / is real- analytic on the whole of T*". In fact; if / is an 
extension with compact support in C" which is holomorphic in a com- 
plex neighborhood of T'", then it follows from Cauchy's formula that 

f{z) = ( — ) / ... / djjj,...ckjj^f{w) 



J J Wi- Zi Wm- Zm 

there. Therefore, see e.g., formula ()7.6|) defines f{B) in the 

holomorphic functional calculus sense, and thus it coincides with our 
definition. 

Lemma 7.3. Suppose that f G (7°°(T™') is real-analytic in U G T™. 
Then there are f^, < e < 1, holomorphic in some e-independent 
neighborhood of T™, and a complex neighborhood U of U, such that 
f,^ f m C^{T^) and fe^fm 0{U). 

To prove the lemma one defines by means of convolution with a 
Gaussian approximation of unity, and since we can make contour de- 
formation in a complex neighborhood of [/, we also get the convergence 
in 0{U) for a suitable U . 

To see that the support of ()7.4j) is contained in (t{B), take any (p G 
C^(T™) with support outside cr{B). If (p^ are as in the lemma, then 
in Q{T"^), so (f)e{B) (t>{B). On the other hand, since 0^ are 
holomorphic in a complex neighborhood of (j{B), and (p^ —>■ there, 
(pe{B) — > by the continuity of the holomorphic functional calculus so 
(p{B) = 0. Thus Proposition 17.21 is proved. □ 
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Remark 2. If 5 is a tuple of bounded operators with (t{B) C T*" there 
is an operator-valued (m, m — l)-form Uuj-b in C*" \ cr(i?) such that 

(7.7) f{B) = - [djAu. 



Jw~B, 

if / coincides with the holomorphic function / in a neighborhood of 
(j{B) and has compact support. If B is as in the preceding proof, it is 
even possible to choose uJw-b such that 

uniformly on compact sets in T[}*; this follows since one can define such 
a form uJw-b as the functional calculus ()7.5|1 acting on s A {dws)"^~^, 
where 

s = ^0J(x)du;j/27ri. 

By Lemma \7.'A\ or by a direct computation, one verifies that ()7.7|1 
can be used to define the functional calculus ()7.5|1 (if / is an almost 
holomorphic extension which is holomorphic in a neighborhood of T"^ \ 
T™) and from this formula it is obvious that the support of ()7.4j) is 
contained in (t{B). □ 

Proposition 7.4. Let Aj be as above (real spectra and temperate re- 
solvents) and in addition commuting. // 0i, . . . , 0„ G then (pjiA) is 
a commuting tuple (of bounded operators) and a{(j){A)) = (j){a{A)). 

Proof. We first prove that if fj G ^(T™), then f{cx{B)) = cx{f{B)). If 
w ^ f{a{B)), then 4>j{x) = {wj — fj{x))/\f{x) — are analytic near 
(j(i?), and according to the previous proof, " fji.B))(t)j{B) = I, 

and hence w i a{f{B)). Thus ct(/(5)) C f{(y{B)). 

We may assume that / is real. Assume that f{x^) = w and that 
w ^ a{f{B)). Then (since a{f{B)) is real) we can find Cj, by the 
holomorphic functional calculus, commuting with all B^., such that 
^^•(wj — fj{B))Cj = I. However, for each j we can solve 

fj{x) - Wj = ^(xfc - xl)i!jk{x) 

with ijjkix) in e?(T™). It follows that Eki^k - xl) E,- C,^jk{B) = I, 
and hence a;° ^ o"(-B). Thus w ^ f{a{B)). 

We already know that (t)j{A) are bounded and commuting. By the 
definition of (t{A), ()6.2|1 . and the first part of the proof, we have 

a(0(A)) = a(0 o C'\C{A))) = o C-\a{C{A))) = 

= <t>iC-\a{C{Am = 0(a(A)). 

□ 
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We shall now see that 4>{A) admits a smooth functional calculus 
if = 01, . . . , 0„ G A and are as in Proposition I7.41 From the 
proposition we have that 

a(0(A)) = {e + zr/; {^,r]) G a(Re 0(A), Im 0(A)}. 

Moreover, if g is smooth in a neighborhood of (f){a{A)), then (? o g 
in the sense that it coincides with an element in ^ in a neighborhood 
of cr(y4); thus g o 0(^4) is defined. 

Proposition 7.5. Let A^ be as in Proposition ] 7.4\ and /ei = 0i, . . . , 0„ G 

A. If (p is real then the resolvent of each 0j(A) has temperate growth. 
If g is a smooth function in a neighborhood of a{(f){A)) , then 

(7.8) go<p{A) = gi<PiA)) 

holds, if the right hand side is defined as ^(Re0(A), Im0(A)), where 

Proof. If g{w) is any polynomial in C"", then g o (p ^ A and ()7.8|) holds 
by Proposition 17.11 However, if g is entire, g^ are polynomials, and 
gN g, then (77vo0— >5'o0in^ and hence ()7.8|) holds for all entire 

g- 

If is real, it follows that 

||e'^(^)-*|| < tGM™, 

and this implies (is actually equivalent to) that the resolvent of each 
4>j{A) has temperate growth in the Im Zj-direction. It also implies that 
4>{A) admits an extension of the holomorphic functional calculus to a 
smooth functional calculus, and moreover, that gi\f{(j){A)) —>■ g{(j){A)) 
if gN are entire functions (or polynomials) and (^tv — > (? in in a 
neighborhood of a{(j){A)) in M". It follows that ()7.8|) holds for such g. 
The case with a complex follows by considering Re0,lm0. □ 

8. Extension to operators with nonreal spectra 

In this section we shall indicate an extension of the functional cal- 
culus to operators with not necessarily real spectrum. 

Let £{C) be the space of smooth functions on C, or equivalently the 
space of smooth functions f{z), z E C with f{z) = g{l/z), for \z\ > 1, 
where g is smooth on the unit disc. If C C is closed, let S{K) be 
the space of germs of £^(C)-functions near K. We say that a closed 
operator A with a{A) C admits a smooth functional calculus 

(8.1) T:£iaiA))^CiB), 

if T is a continuous algebra homomorphism that extends the holomor- 
phic functional calculus 0(a{A)) — ^ jC^B). Such a T is an £(i3)-valued 
distribution with support supp (T) contained in a(y4), and from apply- 
ing T to (j){z) = l/{z — w), w ^ supp (T), it follows that supp (T) = 
aiA). 
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If A is bounded, then Kez and Imz are in S{(j{A)), so lie A and 
Im A are bounded and continuous. It also follows that they both have 
real spectrum, and the continuity of T implies that their resolvents 
have temperate growth. We claim that 

(8.2) a(ReA,lmA) = {{x,y); x + iy e (y{A)}. 

In fact; if we define A* = Re A — i\m.A, then a{A, A*) is the image in 
of a{Ke A,\m. A) under the biholomorphic mapping 

(^, V) ^ {z, w) = (^ + ir], ^-iri), 

by the spectral mapping property of the holomorphic functional calcu- 
lus. Therefore, 

a{A,A*) C {iz,w) G C^; w = z}, 

and since cr{A) is the image of <j{A, A*) under {z, w) i-^ z, ()8.2|) follows. 
It should be emphasized that such an extension T of the holomorphic 
functional calculus in general is not unique. 

We now claim that the holomorphic functional calculus 

(t>(ReA,lmA) 

has an extension to all G £^]R2((T(Re A, Im A)), i.e., functions that 
are smooth in some neighborhood of a{Iie A,lm A) in M^. In fact, 
there is a closed £(i3)-valued 9-closed (2,l)-form uj(^^^r))-{ReA,iraA) in 
\ cr(ReA,lmA) such that ||co'(g^^)_(ReA,imA)|| has temperate growth 
when Im {C,, rj) — > 0, in view of the discussion in the previous section. 
If $(^, rj) is an almost holomorphic extension of (j) to C^, with compact 
support, then 

(8.3) (f){ReA,lmA) = - d^^rt^ A UJ(^^^r^)-{ReA,lmA) 

is an absolutely convergent integral. 

For / G S{(r{A)), let f{x,y) = f{x + iy). This gives rise to an 
isomorphism 

S{ct{A)) c:iSu2{ReA,lmA), 

and we claim that 

(8.4) f{A) = f{ReA,lmA) 

for all / G S{a{A)), where the right hand side is defined by ()8.3|1 and 
the left hand side is T(/). To begin with, ()8.4j) clearly holds if / is 
a real-analytic polynomial, since the left hand side is multiplicative 
by assumption and the right hand side has the same property as part 
of the holomorphic functional calculus. The general case follows by 
approximation. Thus we have found a representation of T{f) = f{A) 
as an explicit absolutely convergent integral over for / G S{a{A)). 

If we have (I8.1|l but A is unbounded, then we just apply first an 
automorphism ip of C, that maps A to a bounded operator ipi^) and 
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then express T(/) = f{A) = f oip'^^ip^A)) as an absolutely convergent 
integral 

Tif) = - J d(^> {F o tp~^) A u;(5',^')_(Rcv.(A),imV(A)), 

where F o ip'^ is an almost holomorphic extension of / o tp"'^, C|, ^, D 
M^, and x' + iy' = ip{x + iy). 

If we have several operators Aj that admit smooth functional calculii, 
£{a{Aj)) 'C,{B), we can define 

(8.5) SiHaiA,)) ^ C{B) 

as an iterated integral as in Sectional just taking for f{zi, . . . , z^) G 
(j(74j)), a special almost holomorphic extension F to C^"^ of 

/(xi, 2/1, a;,„, = f{x + iyi, + iym) 

such that 

= 0(|lm (6, r^Or ■■■ |Im (e^, r^jr) 

in a neighborhood of cr(Rey4i, ImAi) x ... x a{Ke Am,lw. Am)- In case 
all Aj are bounded we then get the formula 

f{Au...,Am) = 

^(?i,'?i)-(RcAi,ImAi) A ... A t^(§„,,,„)-(ReA„,ImA„)- 

For each unbounded Aj we first have to make an appropriate transfor- 
mation with a Mobius mapping ip as described above, but we omit the 
general resulting formula. 

Remark 3. If Tj denotes the operator valued distrubution 

T,-0 = 0(A,), 
then ()8.5|) is just the tensor product 

Ti (g) ... (g) Tm 

and it could have been defined in a more abstract way; cf. Remark ^ 

□ 

9. Some further examples 

The following example shows that small noncommutative perturba- 
tions of a pair of operators can blow up the support. 

Example 4. Let B = C"^ and A the operator given by the matrix 
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then (J^A) = {0, 1} and hence by the spectral mapping theorem for 
commuting operators 

a{A,A) = {{0,0), (1,1)}. 
Now let = U~'^AUe, where 



cos e sm e 
■ sin e cos e 



i.e., rotation with e. Then clearly A^ ^ A in norm when e — > 0. We 
claim that supp {A, A^) is the whole product set {0, 1} x {0, 1}. Let us 
show that it contains the point (0, 1). To see this, take smooth functions 
(t>j{xj) with small supports such that 0i(xi) is 1 in a neighborhood of 
and 02 (3:^2) is 1 in a neighborhood of 1. Then 

<t>Me) = U:^<t>2{A)U, = A„ 

and 

' 



01 (^) 



1 



A straight forward computation shows that f[A,Af) — (j)i[A)(j)2{Af) is 
hke 

' 



e e 



□ 



Let Pj and Qj be tuples as before. Using that 

{z - P,)-' -{z- Q,)-i = {z- Pj)-\Qj - P,){z - Q,)-\ 
it is easy to check that 

ll/(Q)-/(^')ll<l|Q-^ll = Ell^^-^:'ll- 

Thus if / has support outside the spectrum of P, then ||/((5)|| ^ 
HQ — P\\, so even though not zero we can at least say that f{Q) is 
small if Q is close to P. 

Example 5. If P and Q are bounded (or at least if [P, Q] is bounded), 
then 

[(^ _ p)-i, _ Q)-i] ^ _ p)-i(^ _ Q)-i[p, Q] _ g)-i(^ _ p)-i, 
and from this formula we get that 

\\f{P,Q)-f{Q,P)\\<\\[P,Q]\\. 

It also follows that f{P, Q) — f{Q, P) is compact if [P, Q] is compact. 

□ 
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10. Extended functional calculus. 

Even though everything could be reduced by means of Cayley trans- 
form to the case of a bounded operator, we prefer a more direct treat- 
ment. We also restrict the attention from now on, to the case of one 
single operator, and hope that the extension to the case of several op- 
erators will turn out to be straight forward. 

10.1. The function space 8. We define £(§) = ^ C C°°(M) to be the 
space of smooth functions on M, which posess an asymptotic expansion, 

oo 

(10.1) f{x) ~ ^^OfcX"'^, X ^ oo, 



with Ofc G C, in the sense that for every G N: 

N 

(10.2) /(x) = ^ akX'^ + x-^-V^+i(x), |x| > 1, 



where r7v+i(a;) is bounded with all its derivatives. 



Proposition 10.1. A continuous function on M belongs to £ iff it has 

df, 
9f ' 



a bounded extension f to C with the property that ^is bounded and 



satisfies 



(10.3) ^{z) = 0^„,^,((^)-^^|Imzr»), ViVo,iVi e N. 

Proof. Assume first that f & S. For |x| > 1, we introduce y = —l/x, 
g{y) = f{x), and observe that the existence of an asymptotic expansion 
(ITin|l . (fTin|l is equivalent to the fact that g e C°°(] - 1,1[) with 
(^0 = fi'(O). Let g{y) G C°°{D{0, 1)) be an almost holomorphic extension 
of g with 

(10.4) %iy) = 0^i\lmy\^), ViV G N. 
dy 



Consider f{x) = g{—l/x), x G C, |x| > 1. Using that 

d dx d ,dy.^i d _2 d 
dy dy dx ^dx dx dx^ 
and that \m.y = |x|~^Imx, we see that 



Imx 






\x\ 


\2N 



% = OnI^^P^), vat. 
dx 

In other words, f = f satisfies p0.3|) in the region |x| > 1, and com- 
bining this with the standard construction in a bounded region, we get 
the desired extension /. 
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Now let / G C(]R) posess a bounded continuous extension / which 
satisfies (fTTO|l . Put 

(10.5) g{z) = -- [ %{wKw - z)-'L{dw), 

n J cm 

and notice that the integral converges and that 'g is a, bounded function 
which satisfies ^ 

dz dz' 

Consequently, / — 5^ is a bounded entire function on C and hence a 
constant, so 

(10.6) f{z) = ao + g{z), ao e C. 
So far we only used that 

(10.7) ^{z) = 0{{z)-'-% 

for some e > 0, and under this weaker assumption, we see that 'g is 
continuous and 'g{z) 0, \z\ — > 00. 

Now we use the full strength of p0.3|) . and write 

1 k N 

10-8 — = -y^^+ 



w — z ^ z"^^^ z^{w — z) 



Using this in ()10.5|) . we get 

(10.9) 9{z)=Y,\- [ ^{w)w'-'L{dw) 

^ — ^ z'^ TT I cm 

1 ^ 

+ ^(--) / ^^w^^L{dw) = f^^-'a, + i^Mz) 

z'^ TX OW W — Z Z^^ 

^ 1 

with the obvious definition of a^, r^. Using ()10.3|) . we see that '"Afij^is 
smooth and bounded together with all its derivatives. This and pO.(i|l 
imply that f & S. □ 

Let Q be the space of functions f & S for which the series in ()10.1|) 
converges and is equal to f{x) for |a;| sufficiently large. In other words, 
Q is the space of smooth functions on M with a bounded holomorphic 
extension to a domain {z G C; |2;| > R} for some R> 0. 



Proposition 10.2. A continuous function / on M belongs to Q iff it 

dz 



has a bounded extension f to C, such that H has compact support and 
satisfies 



;i0.10) ^ = Odlm^l^), ViV G N. 
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The proof is just a slight variation of the one of Proposition IIP. II and 
will be omitted. 

10.2. The operator. Let B he a complex Banach space and P : B 
B a densely defined closed operator. We assume, 

(10.11) a(P)cM, 

so that (z — P)~^ G C{B) is well-defined and depends holomorphically 
on 2 G C \ M. Assume, 

(10.12) II (^ - P)-^ < 0(|lmzr^o (2)^1), 

for some fixed N^, G M. 

For the ^-calculus, we will replace ()10.12j) by the weaker assumption 
^ (with P = Pi). 

10.3. The calculus. For / G £^ as in ()1().1|1 . we recall that we have 
ffTin)|l where 5? is given by (fTn3|l . li P : B ^ B satisfies (fTim|l . (ITim|l . 

we define, 

(10.13) /(P) = aol - - / %{z){z - P)-'L{dz). 

TV J OZ 

In view of p0.3|) . p0.12|) . this clearly defines a bounded operator, but 
we need to check that the right hand side of ()10.13p only depends on 
/ and not on the choice of bounded extension / satisfying ()10.3|1 . Let 
/ be a second extension of / with the same properties. Then it is a 
standard fact that ()2.7|) holds for the difference of the two extensions, 
and this estimate can also be applied to the difference g{w) — g{w), 
where g{w) = f{—l/w), g{w) = f{—l/w), \w\ < 1. We conclude that 
for all No,Nie N, 

(10.14) (7- f){z) = 0^,M\^mzf"{z)-''^), 

for z E C From this fact and p0.12j) . it is easy to see as in Section IHl 
that 

~l I ^{f-f)iz){z-P)-'L{dz) = 0, 

so the definition p().13|l is indeed independent of the choice of /. 

Notice that the map £ 3 f ^ f{P) ^ '^{^) is linear and continuous. 
{S is a Frechet space with C°^-topology for the restriction of / G £^ to 
any bounded interval and the C°°(] — 1, l[)-topology for the function 

fi-m-) 

Example 6. if C e C \R, then (C - G £ and ((( - ■)~^)(^) = 
{( — P)~^ is the resolvent. □ 

Let us establish a basic calculus result: 
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Proposition 10.3. ///i,/2 G £, then /1/2 G £, and 

(10.15) {fJ,){P) = f,{P)f,{P). 

Proof, write fj = a^j + gj, with gj{x) ~ aij-x"^ + a2jX~^ + and 
recall that 

(10.16) g,i^) = ~- [ ^iw)iw - z)-'Lidw), ^ = 

TT y ow aw ow 

Then, 

/i(P)/2(P) = (ao,i + ^7i(P))(«o,2 + g2{P)) 

= (ao,iao,2 + ao,ifi'2 + 5'iao,2)(-P) + gi{P)g2{P), 

so it suffices to show p0.15|l with fj replaced by gj. This verification 
can be done as in the proof of Proposition 14.21 and we omit the details. 

□ 

Application. \i f eS, then a(/(P)) C /(M), and if C G C \ /(M), then 

Now consider the ^-calculus and let P satisfy p0.11|l . ()H.2j) . If / G ^, 
we still define /(P) by ()10.13|) and show that it does not depend on 
the choice of / as in Proposition 110.21 Proposition 110. HI remains valid 
for the ^-calculus, and so does the application. 

10.4. Relation to the Cayley transform. Consider the Cayley(- 
Mobius) transform C of Section IHl 

If / : M ^ C, ^ : T ^ C, are related by 

(10.17) f = goC, 

then / G £ = S{R ) iff ^ G ^(T) = C°°(T). Let / G ^ G C~(T) be 
related by (|10.17jl . 

With P as before, define Q G C{B), by 

(10.18) Q = C(P), 

where the right hand side can either be defined by our calculus or more 
directly (but equivalently) as 

C(P) = {P + t){P- i)-i = 1 + 2i(P - iy\ 

We know that cr(C(P)) C T, and as in Section El we get 

(10.19) giQ) = /(P), 

where G{Q) is defined as prior to ()6.2j) . 

We have the same results for the ^-calculus. (If / G ^ = ^(M), then 
g belongs to the space ^(T) of C°°-functions on T that are analytic 
near 1.) 
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11. Recovering P from the functional calculus 

In this section we show that every functional calcuhis S 3 f ^ 
Op (/) G C{B) with suitable properties, is of the form Op (/) = f{P) 
for some operator P as above. We will also get the corresponding result 
for the ^-calculus. 

Assume we have a continuous linear map 

(11.1) E^f^Op(f)e^B), 
with the property 

(11.2) Op (/i)Op ih) = Op ihh), fj e S. 
We further assume, 

(11.3) 7^(0p (g)) is dense in B, 

(11.4) fl A/-(Op(^)) = 0, 
where J\f ="nullspace of, 71 =" range of. 

Lemma 11.1. If go & S satisfies gQ{x) ^ for all x eM., then Op (go) 
is injective with dense range. 

Proof lig e C^, then k = g/go G C^, g = kgo, so 

Op (g) = Op (^o)Op (k) = Op (fc)Op (^o). 

Hence 

7^(0p {g)) C nOp {go)), Af{Op (g)) D A/'(Op (^o)), 
and the lemma follows. □ 
Put u;z{x) — l/{z — x), so that Uz & £ lor z & 

Lemma 11.2. V := 7?.(0p (a;^)), z e C\IR. is independent of the choice 
of z. 

Proof. Let z,w E C\]R, so that cj^/cUz, lOzI^w £ ^- The lemma follows 
from applying Op to the relations 



-"w 

LOz — iOw, LOw — LOz- 

UJyj LOz 



□ 



Definition 2. . For = Op {lOz)v G P, ;2 G C \ M, v G i3, we put 

= Op (a;2;(x)x)i' = Op {-^})V. 
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We need to check that this definition does not depend on the choice 
of f , in the representation of u, so assume that we also have u = 
Op {u!z)(y), i' G C\M, G B. Using that Op (cu^), Op (u;^) are injective, 
we see that v = Op {uz/u!z)v, and hence, 

Op {xUJz{x))v = Op {xUJz)Op { — )v = Op {xUJz — )v = Op {xUJz)v. 

^z 

Hence the definition of P does not depend on the choice of z,v. 

We also see that P : i3 — i3 is a closed operator with domain X>, 
with cr(P) C M, and with 

(11.5) (^-P)-i = Op(^,). 

On the other hand, if g is a seminorm on then 

(11.6) g(a;,)<Co|Im^|-^o(^)A^i\ 

for some A^^q , Nl G N, and combining this with (jll.Sp and the fact that 
Op is continuous on £ with values in C{B), we obtain 

(11.7) 11(2 - P)-i < Co|Im.2|-^o 
for some N^, G N. 

Proposition 11.3. Op (/) = /(P) for all f e£. 

Proof. From po.fjj) . we get by restriction to the real axis, 

(11.8) f = ao-^j ^iz)ujMdz), 

where / is an almost holomorphic extension of / as in Proposition llO.ll 
Now ()11.8|1 converges in so 



Op (/) = aol - - / ^(^)0p {uj.)Lidz) 

71 J OZ 



= aol - ^ 1 ^{z)iz - P)-^L{dz) = /(P), 

where we used pi.5|) for the second equality and ()10.13p for the last 
one. □ 

Q is not a Frechet space but rather an inductive limit of such spaces: 
hm^j^oo Gr, where 

Qr = {f ^ Q] f extends to a bounded holomorphic function in \z\ > R}. 

A sequence of functions converges in Q iff there is some P > such that 
it converges in Qr. Assume that we have a (sequentially) continuous 
map 

(11.9) Q3f^ Op(/) G C{B), 
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satisfying ()11.2j) - pi.4j) . Then we can still define a closed densely de- 
fined operator as above. Instead of (5.7), we get ()3.2|) and by the same 
proof as above, we have 

Proposition 11.4. Op (/) = /(P) for all f eQ. 

Remark 4. In view of Proposition II 1 . 3| it is natural to ask whether any 
continuous algebra homomorphism 

(11.10) ^■.S{R)^C{B) 

corresponds to a closed operator A (with a resolvent with temperate 
growth as before) such that $(</>) = 4>{A) for (p G £^(]R). Given such a 
$, there is a unique homomorphism 

$ : C°°(T) ^ C{B), 

such that $(/) = $(/ o C). li B = $(id) = $(C) (where id (w) = w, 
w G T), then $(/) = f{B) for / G C°°(T), a{B) = T, and the resolvent 
has temperate growth near T (just apply to f{z) = l/{w — z)). If the 
operator A exists, then C{A) = $(C) = B, so therefore B — 1 must 
be injective. Conversely, if i? — 1 is injective, it is easy to check that 
A = C-^{B) defines (Notice that the conditions (HOI), (fTT^ 
ensure that i? — 1 is injective and has dense range, respectively.) 

The same conclusions hold if £{M) is replaced by ^(M). 

If we instead consider a similar homomorphism from iS(]R) or C(j"(R) 
things are different; then there is not necessarily always an operator 
like B. To see this, let 

/(x) = x(2 + sina;™), 

where 3 < m G N and notice that /*, i.e; the composition with /, 
induces a continuous homomorphism 5(]R) S{M). \i B = if^(]R), we 
can define a continous homomorphism S £(if^(]R)), by letting $(0) 
be multiplication on if^(R) by /*0 = o /. It is easy to see that this 
$ cannot be extended to any function 0(x) = l/{z — x), and therefore 
it does not correspond to any operator like A oi B above. □ 



12. Ag{f{P)) = {gof){P) result. 

As a preparation, we construct a suitable almost holomorphic exten- 
sion of M 9 X (C - f{x))-^, when f e 8, C, ^ /(M). Let f{z) be an 
almost holomorphic extension of / with 

(12.1) | = o,(l)(I^)",v/V>0. 

and 

(12.2) Vf{z) = 0{{z)-'). 
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Then, 



TtTI 7 

;i2.3) /(z) = /(Rez) + 0(^). 



Let 5(C) = dist (C, /(M)). From (fT^ . it follows that 

(12.4) |/(^) -CI > 5(0/2, ifVV«^^^)- 
Let X ^ C'o°(-'^) tie equal to 1 near 0, and put 

(12.5) x.(^) = X{^^\ 

where C > is large enough, but independent of 5, 2. Notice that when 
(5 > is large enough, then Xi{z) = 1, for all 2; G C. 

As an almost holomorphic extension of x 1-^ (C — /(x))^^, we take 

(12.6) F{C,,z) = xm{z)-X- 
By construction, we have 

(12.7) ^K-^) = ly' 

Further, 



Here, 



d , , ..Cllmzl d .Cllmzl 

T^X5(C)(^)=X' 



;i2.9) 



^^^^2 ^^^^2 > 

has its support in a region 

|Im z| 
and since 

d C|Imz| _ C(l) 

we see that the first term in the right hand side of ()12.8|1 is (9(5^^(2;)^^) 
and has its support in a region p2.9j) . The second term is C(l)p-(^^^)^ 
for all > 0. We conclude that 

(12.10) ^F(C, z) = 0^(l)r^-^(^)^, VAT > 0. 

Essentially the same estimates show that 

(12.11) V,F{C,z) = 0{l)6-'{z)-^ 
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We also notice that 

___.(C.)^(i-x(J^))^ 

is different from only when 

llm^l 1 
> 



i.e. for 

C|Im2;| 



(12.12) S{C) < 



Now let g be continuous on /(M) with a bounded uniformly Lipschitz 
extension 5'(C), C ^ *C satisfying 



(12.13) -| = 0(dist(C,/(M))~). 

Consider 

By the chain-rule, 



dz~ or ^^^^\dz)^ dCdz- 



Using that 

dist(/(z),/(K)) = 0(^), 



and the Lipschitz properties of g, f, we get 

(12.14) §^O.(l)(^^)\^N>0. 

It is also clear that /i is a bounded continuous extension oi g o f with 

(12.15) Vh^O{{z)-^). 
Consider 

(12.16) g{f{p)) J ^(c)(c - f{p)r'm). 

For C e C \ /(R), we have 

(12.17) (C - f{P))-' ^-Ij ^(F(C, ^))(^ - P)-'L{dz), 
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and hence, 

(12.18) g{f(P)} = (-^r 1 1 - PrL(dz)L(dC:) 

where the first double integral converges in operator norm, so the same 
holds for the J{...)L{dz) integral in the last expression, which we can 
view as 

(12.19) lim-1 J{l-x.{z))-^{...){z-P)-'L{dz). 
Consider 

J dC 

^^'^ " 71 J dC^^ (-f{z) 

As already observed, the integrand in the last integral is 7^ only for 
5(C) < C(l)^, and using that ||(C) = C(5(C)°°), we see that 

(12.20) J ^{0F{Cz)L{d0=g{m) + O{l){^-^r. 

Using this in the last integral in p2.18|l . represented as a limit as in 
(jl2.19p . together with the temperate growth of the resolvent, we get 

(12.21) g{m) = -i I §^{mm^ - pr'Hdz) = {g o /)(p). 
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